We explore nonrelativistic (NR) pulsating string configurations over torsion Newton-Cartan (TNC) geometry having topology R × S 2 and check the corresponding analytic integrability criteria following Kovacic's algorithm. In the first part we consider pulsating strings propagating over TNC geometry whose world-sheet theory is described by relativistic CFTs. We compute conserved charges associated with the 2D sigma model and show that the classical phase space corresponding to these NR pulsating string configurations is Liouvillian integrable. Finally, we consider nonrelativisitc scaling associated with the world-sheet d.o.f. and show that the corresponding string configuration allows even simpler integrable structure.
Overview and Motivation
The remarkable correspondence between nonrelativistic (NR) string theory [1] - [8] over torsion Newton-Cartan geometry (TNC) [9] - [17] and that of Spin-Matrix Theory (SMT) limit 1 of [18] over R × S 3 has recently unveiled a new exciting sector within the realm of celebrated Gauge/String duality. In a classic paper [9] , the authors show that the zero tension limit of type IIB strings propagating over the null reduced AdS 5 × S 5 geometry essentially corresponds to SMT limit of the celebrated AdS/CFT correspondence near its unitarity bound (E ≥ J). Indeed the SMT limit could be thought of as being certain NR limit within N = 4 SYM that eventually results in a NR magnon dispersion relation [10] .
The above remarkable correspondence indeed opens up a number of exciting possibilities -for example, one might be curious to ask whether the corresponding operator spectrum in the SMT limit of N = 4 SYM still preserves an underlying integrable structure. In other words, how to ensure whether there exists an integrable structure on both sides of the SMT/type IIB NR string duality. One possible way to address this question is to check whether NR strings propagating over TNC geometry are integrable or not.
The purpose of this present article is to address the above issues considering the specific example of pulsating string configurations [19] - [22] propagating over TNC geometry with topology R × S 2 which clearly serves as a subspace within the full null reduced AdS 5 × S 5 target space geometry. The method that we adopt here is known as the Kovacic's algorithm [23] - [24] that has been found to have remarkable applications in the context of Gauge/String duality until very recently [25] - [32] . We start by exploring various pulsating string configurations embedded in torsion Newton Cartan (TNC) geometry with R × S 2 topology [11] . The resulting (null reduced) nonrelativistic (NR) spacetime yields a spatial SO(3) isometry. The TNC geometry could be obtained as a result of null reduction using a combination of coordinates from the Hopf circle and the real line. In order to have a clearer understanding on the null reduction procedure as well as the corresponding coset structure one starts with Lorentzian metric of the following form,
which is a product of R times the metric on the unit three sphere embedded in R 4 that could be thought of as being the Hopf fibration of S 1 × S 2 [11] ,
where, ϕ and ψ correspond to isometry directions whose U (1) Cartan generators are respectively, J ϕ = ∂ ϕ and J ψ = ∂ ψ . The corresponding Killing generators satisfy two copies of su(2) algebra which is isomorphic to Lie algebra su (4) . Using the following coordinate redefinition 2 ,
we arrive at the following null reduced (TNC) metric [9] - [10] ,
where we introduce the following tensor fields [11] ,
The above equation (4) is essentially the starting point of our subsequent analysis. Notice that none of the above metric coefficients (4) are functions of u which implies that ∂ u acts as a (null) Killing vector field for the full target space geometry. The resulting null reduced spacetime yields set of four Killing vectors that span the Lie algebra su(2) × u(1). These Killing vectors {ξ µ } are what we call the generators of the so called infinitesimal diffeomorphisms associated with the reduced (2 + 1)D target space geometry [11] ,
where, σ is the parameter associated with U (1) gauge transformation [9] . The rest of the paper is organized as follows. We start our analysis in Section 2 by constructing the NR sigma model over TNC geometry with topology R × S 2 . The sigma model is expressed in a covariant form and the resulting theory is NR only from the perspective of the target space geometry [9] . In Section 3, we consider a particular pulsating string embedding with non zero string momentum along the null isometry direction of the TNC geometry. This geometry seems to possess an additional compact direction along which the string momentum vanishes. We allow pulsating strings to wrap around this compact direction which in turn is consistent with the fact that the string has a non zero momentum along the null isometry direction. We compute conserved charges associated with the 2D sigma model and find relation between the string oscillation number and that of the energy associated with the string. Next, we apply Kovacic's algorithm to these pulsating string configurations and establish analytic integrability by performing simple classical phase space calculations. We consider the scaling limit [9] associated with the world-sheet d.o.f. in Section 4 and find that the integrability criteria corresponding to these NR strings becomes even more trivial. Finally, we conclude in Section 5.
2 NR sigma models on R × S
2
We start with the relativistic closed string sigma model action,
where, we introduce target space coordinates, M = (u, µ); µ = θ, ϕ together with, σ α = σ 0 , σ 1 as being the world-sheet coordinates. Here, the coordinated σ 1 ∼ σ 1 +2π is periodic. Substituting (4) into (7) we find,
where, we introduce new functions,
In order to arrive at the corresponding NR string sigma model, as first step, one needs to introduce the momentum conjugate to X
which is conserved, ∂ α P α u = 0 [9] . This stems from the fact that P α u is conserved as u being the corresponding null isometry direction associated with the target space geometry. Following [9] - [10] , our goal is to obtain the corresponding sigma model action for closed strings in terms of remaining embedding coordinates namely, τ µ , m µ and h µν . In order to do so, we focus on a sector with non zero null momentum namely, γ αβ χ β = 0 and consider dual sigma model Lagrangian of the following form [10] ,
together with the fact, ε 01 = −ε 01 = 1. Here, we introduce new d.o.f. on the worldsheet namely, ζ and A α . The e.o.m. corresponding to ζ yields, ε αβ ∂ α A β = 0 which in turn implies, A α = ∂ α ϑ where ϑ is a world-sheet scalar. Therefore two sigma model descriptions (11) and (8) are equivalent (upto a total derivative) provided we identify, ϑ = X u . Next, we consider variation of A α which yields the constraint of the following form,
which guarantees the conservation of world-sheet momentum off-shell. From (12) , it immediately follows that in order for the string to have a non zero momentum along u,
the world-sheet mode ζ must have a non zero winding mode. From the perspective of the target-space geometry, these scalar modes therefore correspond to an additional compact direction along which the string winds [10] . Next, we introduce world-sheet zweibein fields (e α a ) and their inverse,
together with the following field redefinition [10] ,
which upon substitution into (11) yields,
Notice that in the above derivation we have used the fact,
where, (a, b) are the so called Lorentz flat indices in two dimensions. Here, ± are precisely the Lagrange multipliers that impose the following set of constraints,
which could be further used to simplify (16) . The above action (16) exhibits a world-sheet Lorentz/Weyl symmetry [10] ,
which could be used to choose a gauge,
Substituting (20) into (16) and using (14) we finally arrive at the sigma model action for the NR strings propagating over TNC geometry with a topology R × S 2 ,
3 Pulsating string dynamics 3.1 Formulation
Conserved charges
In order to explore NR pulsating string configurations on R × S 2 , we choose to work with the following string embedding,
which is consistent with the fact that the string wraps only the compact direction ζ which results in a non-zero momentum (13) along the null isometry direction. Also, the above ansatz (22) is consistent with the fact that the string has no winding along the null isometry direction (3) which results in a vanishing angular momentum along the additional compact direction (ζ) [10] .
Substituting (22) into (21) we find 3 ,
where, for simplicity, we set the winding number n = 1. The equations of motion that readily follow from (23) could be formally expressed as,
ψ + sin θθφ − cos θφ − 2κ +ψ − cos θφ θ 2 + sin 2 θφ 2 θθ + sin θ cos θθφ 2 + sin 2 θφφ = 0. (25) The equation (25) corresponding to ψ could be expressed in a much simpler form by multiplying both sides of the equation byθ 2 +sin 2 θφ 2 (2κ+ψ−cos θφ) 3 and thereby expressing the L.H.S. as a total derivative in σ 0 which finally yields the first order equation of the following form,θ
where, C 1 stands for the constant of integration. Finally, we note down the equation corresponding to ϕ, 2 sin θ 2κ +ψ − cos θφ φ + 4 cos θθφ 2κ +ψ − cos θφ + (1 − C 1 )θ − 2 sin θφ (2κ +ψ − cos θφ) 2 (ψ + sin θθφ − cos θφ) = 0.
A similar analysis reveals that, after multiplying by sin θ, the equation (27) corresponding to ϕ could also be expressed as a total derivative in σ 0 which could be integrated further to obtain,
where, C 2 is a constant of integration. Next, we note down conserved charges associated with the sigma model Lagrangian (21). These conserved charges are precisely the energy (E) and the momenta (P ψ and P ϕ ) associated with the corresponding translations in t, ψ and ϕ respectively. A straightforward computation reveals,
Oscillation number
In order to characterize the string dynamics, we need to find the relation between string oscillation number and that of the energy (29) . The oscillation number is formally expressed as [20] ,
where, Π θ is the momentum conjugate to θ and λ is the t'Hooft coupling associated with the string tension (T ). In order to evaluate the above integral (32), we first note down the Virasoro constraints (that directly follows from (11)) associated with the NR string configuration,
where we introduce,
together with the Lagrange multipliers λ ± . Using conformal gauge, the above constraint (33) yields,
which precisely matches to that with (29) with an identification,
Substituting (35) into (32), we finally obtain
Expanding the above integral (36) in large string energies (|E| 1) we find,
which therefore could be inverted to obtain,
Integrability in TNC geometry
Our goal is to understand whether the pulsating strings in TNC geometry are integrable or not. This has been a long standing problem that needs to be settled down. To address this question we adopt an analytic approach popularly known as the Kovacic's method [23] - [24] that has been applied with a remarkable success until very recently [25] - [32] . The basic idea behind Kovacic's algorithm is based on the usual notion of classical integrability in the context of Hamiltonian dynamics [25] - [26] . The steps that one needs to follow essentially are the following: (1) choose an invariant plane associated with the classical phase space of the dynamical system, (2) consider variations normal to this plane and obtain the corresponding normal variational equation 4 (NVE) associated with these fluctuations, (3) check whether NVE admits Liouvillian solutions which essentially are simple analytic functions including algebraic functions, exponential, logarithms etc. In situations where the NVE allows a Liouvillian solution, the corresponding dynamical configuration is said to be integrable. The cases where such solutions are not possible the correponding classical phase space configuration is termed as non-integrable.
The reader should keep a note of the fact that unlike the standard Lax pair formulation in classical mechanics, the Kovacic's algorithm does allow us to prove integrability in general. Rather it is considered to be a case by case study of different phase space configurations and to check whether a particular configuration is integrable or not.
Example 1
In order to implement Kovacic's algorithm and to arrive at NVEs corresponding to pulsating strings in TNC geometry we first set,φ =φ = 0 which identically satisfies (27) provided we also set the constant, C 1 = 1. Imposing this condition on the remaining two equations (24) and (25) we find,θ
ψ − (2κ +ψ)θθ = 0.
Substituting C 1 = 1 andφ = 0 into (26) we find,
Substituting (41) into (39) and (40) we find,
We choose an invariant plane [30] in the phase space by setting, θ = 0,θ ≡ Π θ = 0 which thereby yields,θ = 0. Substituting this into (43) we find,
Next, we substitute (44) into (42) and consider fluctuations, δθ(t) ∼ η(t) normal to this invariant plane that yields NVE in its simplest form,
which admits simple algebraic (Liouvillian) solution,
thereby establishing the integrability associated with the corresponding classical phase space configuration.
Example 2
Consider a second example where we set θ =θ =θ = 0 which trivially solves both (24) and (27) . Assuming θθ ∼ 0 in the above limit the remaining equation (25) could be splitted into two parts,ψ
Notice that, under the above assumptions we are already in a subspace ψ, P ψ = 0 of the full dynamical phase space where ψ is arbitrary. Therefore in order to proceed further, we choose an invariant plane within this subspace by setting ψ = 0 which yields,ψ = 0. Substituting this into (48) we find,
Substituting (49) into (47) and considering fluctuations, δψ(t) ∼ η(t) normal to the invariant plane in the phase space we arrive at the NVE equation,
which admits a Liouvillian solution as before.
A note on the scaling limit
The string sigma model that we discuss so far is relativistic in the sense that the sigma model is described by relativistic CFTs. It is nonrelativistic only from the perspective of the target space geometry which for the present case is TNC geometry with topology R×S 2 . However, it is always possible to consider a second scaling limit [9] - [10] (associated with the world-sheet d.o.f.) that scales the vielbein fields differently which finally leads to a NR sigma model with first order time derivative.
The purpose of this Section is therefore to take the appropriate scaling (NR) limit [9] of the world-sheet Lagrangian (21) and explore the corresponding pulsating string configurations. In order to do so, we consider the re-scaling of the following form,
where we introduce a new function,
The NR limit is achieved by taking the limit, c → ∞.
Using (51), we finally arrive at the NR sigma model Lagrangian,
where the Lagrangian corresponding to NR sigma model could be formally expressed as,
where for simplicity we remove the tildes. In order to arrive at the NR sigma model (that is first order in time derivative) we choose to work with a specific string embedding,
Substituting (54) into (53) we find,
which is first order in time derivative [9] . This is the Lagrangian in its simplest form. The equations of motion are obtained considering variations in θ and ς respectively,
sin θθ = 0.
A natural consequence of (57) is that θ(= θ c ) constant which therefore implies that, ς(= βt + C) is a linear function in t.
The momentum conjugate to ς could be formally expressed as,
which is therefore a constant.
Finally, we note down the corresponding NR Hamiltonian,
From the above analysis, without going into the details of Kovacic's prescription, we can comment on the integrability of the corresponding classical phase space configuration. Notice that the phase space of the dynamical system is essentially two dimensional and the conserved charges associated with the stringy configuration is also two namely, the energy (E) and the momentum (p ς ). This therefore guarantees that the NR pulsating stings propagating in TNC geometry are trivially integrable.
Summary and final remarks
We show that the semi-classical pulsating string configurations defined over TNC geometry with topology R × S 2 are Liouvillian intergrable in the sense of Kovacic's algorithm. The present analysis has two parts in it. In the first part we consider NR pulsating strings propagating over TNC geometry whose world-sheet theory is described by relativistic CFTs. The corresponding sigma model is found be Liouvillian integrable as the associated NVEs in the phase space admits a simple algebraic (Liouvillian) solution [25] . The second part of the analysis considers the so called scaling (zero tension) limit associated with the string sigma model which is related to the SMT limit of N = 4 SYM on R × S 3 [10] . The corresponding NR sigma model (that is first order in time derivative and second order in spatial derivatives) is found to be trivially integrable as the number of conserved charges equals the dimension of the associated phase space.
This serves as an important as well as interesting result in the context of nonrelativistic AdS/CFT correspondence which eventually indicates that there is a finite possibility that some of the conserved charges associated to certain specific sectors within N = 4 SYM might survive the SMT limit of [18] thereby preserving the underlying integrable structure in the near BPS bound. It remains to be an open question whether Kovacic's algorithm plays an useful tool in order to check integrability of NR strings in the presence of background fields. Hopefully we would be able to address this issue in the near future.
